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Abstract. We investigate the nef cone spanned by the diagonal and the fibre 
classes of second symmetric product of a curve of genus g. This 2-dimensional 
nef cone gives a characterization of double covers of curves of genus < ^^ . 
This is a generalization of a result by Debarre |Deb04l Proposition 8] . 
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■^ ■ 1. Introduction 

''pi I Let C be a smooth integral curve of genus g > 2, C*^^' the second symmetric 

C^ ■ product of C, and x and 6 the fibre and the diagonal numerical classes respectively 

in the Neron-Severi space N^(C(^))r where the fibre class is the numerical class of 
the curve C + a for any fixed point a G C. We are interested in the restriction of 
the nef cone Nef(C^^-') on the plane spanned by x and S. It has two boundaries, 



(N 
> 

^ : (.9 - 1)^ + {S/2) 

which is orthogonal to the diagonal class in the cone of effective curves on C'^^\ 

and the other is 

(r(C) + l)x - {6/2) 

where 
00 ! t(C) := inf{^ > | {pi + l)x - {5/2) is nef on C^^^}. 

^^ ' Since the self-intersection of {t{C) + l)x — {5/2) is non-negative, 

r{C) > V?- 

rN I When C is very general, N^(C*^^')r is generated by x and 5, and it was con- 

j^ ■ jectured that t{C) = ^ for 5 > 4 and g not a perfect square [CK99[ Section 3] 

|Ros07| Conjecture 1.1]. 

On the other side, it is interesting to know what the value of t{C) is when C is 
special. The first answer was given by Lazarsfeld [Laz041 Example 1.5.13]. Among 
other things, the same result was also given by Debarre [Deb04j and independently 
by Kong ,Kon03, . For g > 3, 

t{C) = g if and only if C is hyperellipic. 
Actually, Debarre proved more in the same paper. 

Proposition 1.1. }Deb04| Proposition 8] Let C be a smooth projective curve of 

genus g >2. 

(a) If C hyperelliptic, then t{C) — g. 
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(b) If C is non-hyperelliptic, then 

• If g = i, thenriC) = f. 

• If g^A, thenrlc) =2. 

• If g > 5, then t{C) < g — 2 where the equality holds if and only if C is 
bielliptic. 

It characterizes the biehipticity of C with the value of t{C) = g — 2. 
Along this direction, we give the main theorem in this paper. 

Theorem 1.2. Fix an integer fc > 0. If C is a smooth integral curve of genus 
g > max{2fc + 1, 4fc — 3}, then 

t{C) > g ~ k if and only if 

there exists a smooth integral curve H 

k 
of genus q with q < — such that C is a double cover of H. 

Furthermore in this case H is unique up to isomorphic and 

t{C) ^g- 2q. 

For g > 6, choose the greatest integer k such that ^^ > k > 2. Then k > ^-^. 
The following is an immediate consequence. 

Corollary 1.3. Suppose C is a smooth irreducible curve of genus g > G- We have 

(a) If r(C) > 39+1^ then 

C is a double cover of a curve of genus . 

(b) If C is a double cover of curve of genus q < ^^ , then 

t{C) ^g- 2q. 

More concisely, it gives a characterization of double covers of curves as following. 

Corollary 1.4. Let A4g be the set of smooth integral curves of genus 5 > 6. 
Then, 

{C e Mg\T{C) > — } = {C e Mg\C is a double cover of curve of genus q < }. 

4 8 

In the last section, we compute the values of t{C) for some other classes of 
special curves. 

Acknowledgement. This paper is part of my PhD thesis. I thank my advisor 
Lawrence Ein for getting me interested in this question and helping me with com- 
ments and suggestions. 

2. Curves induced by Pencils 

With the notations in the previous section, for computing the constant t{C), we 
need to create some curves on the second symmetric products. We make use of the 
pencils for this purpose. In this section, we derive some basic properties about how 
these pencil curves being related to the value of t{C). 
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On N^(C'^^)r, we have the following intersection equations 
(2.1) {x.x) = 1, (x.S) = 2, (6.6) = 4 - 4g. 

For convenience of computations, for any divisor D on C"-*, we can always find 
unique n and 7 such that 

D={n + "f)x-j{5/2)+^ 
where ^ e< x, S >^. We set up the notation 

{A, B)+C.^{A + B)x - B{5/2) + ^ 

For divisors 

Di = (ni,7i) +Ci and D2 = (^2,72) +6. 
by (|2.ip . we have 

(-Di.£'2) = "•1^2 - 71725 + (6-6), 
Di±D2 = [ni ± 712, 71 ± 72) + (fi ± 6)- 

Definition 2.3. Suppose C admits a base-point-free pencil 5^ of degree d. Then 
one can define a reduced curve on C^^' as 

The numerical class of T{gl) in Ni(C(2))j^ is 
(2.4) d-x-{5/2). 

Lemma 2.5. We have the following simple facts on the value of t[C). 

(a) t(C) > V5- 

(b) For any curve C^'^' D 7 = (n, 7) -|- ^, n must he a positive integer. 

(c) Assume C admits a base-point-free pencil g^ of degree d. Then, 

• riC) > 3^. 

• Ifd<l + ^, thenT{C)>^. 

• If d>\ + yfg and the curve Y{g\) is irreducible, then t{C) < d — 1. 

(d) For any smooth curve C , t{C) < g. 

Proof (a) Since (t(C), 1) is nef, (t(C), 1).(t(C), 1) = t{C)^ - .9 > 0. 

(b) For any curve C*^^^ 3 7 = (n,7) -f ^, since x is ample, (x.C) — n which must 
be a positive integer. 

(c) • From (1^ we know y{g\) = (d - 1, 1) and 

(T(C),l).(d-l,l) = T(C)(d-l)-g>0 

by the definition of t{C). 

• Trivial consequence from the last result. 

• Since T{g\f = (d - 1, 1)^ ^ {d - if - g > 0, then T{gl) = (d - 1, 1) is 
nef, and hence t{C) < d— 1. 

(d) It is well-known that any C always admits a base-point-free pencil A of degree 
,9 + 1 and the T{A) is irreducible ( [BEL91J Lemma 1.3 and Lemma 1.4 (i)), 
then t(C) < g from above. 

D 
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In |Kou93| ■ Kouvidakis proved the following. 

Proposition 2.6. Suppose C is a smooth integral projective curve and C admits a 
base-point-free pencil g\ of degree d. If d < 1 + [^] and ^{g}_) is irreducible, then 
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t{C) 



d-l 



Kouvidakis's result means that if a smooth integral curve C has a low degree 
base-point-free pencil and the curve induced by the pencil on C"' is irreducible, 
then the class of r(g^) is orthogonal to the boundary {t{C) + l)x — (5/2) and it 
computes t{C). 

Actually, this fact is also true even when the induced curve is reducible. To this 
end, we have to consider the situation of an arbitrary effective divisor on C^"^' . 

First, we need the following modified version of a lemma by Ross. 

Lemma 2.7 ( |Ros07j Lemma 2.2). Suppose C is a smooth integral curve of genus 
g >2. We have, 

(a) If t{C) > y/g, then there exists an irreducible curve T on C^ ' such that F = 
(n,7) -|- ^ with ^ G< x,6 >^ , 7y^ > n and t{C) ~ ^ (i.e. this curve F 
computes t(C)). 

(b) If there exists an effective divisor D on C^"^' such that D = (a, b) with integers 
a,b > 0, then either t{C) < a/b, or an irreducible component of Supp(_D) 
computes t{C). In the latter situation, 

r{C)= max Im I Ai = i?(C")} 

C'CSupp(D) 

where the maximum is taken over all irreducible components o/Supp(Z3) and 

{6.C') - 2{x.C') 

^^^^■^ W^) ■ 

In particular, if C admits a base-point-free pencil g\ and t(C) > e—1, then 

t(C) = max {R(C')} 

where the maximum is taken over all irreducible components ofT(gl). 

Proof. For (a). Since {t{C)-\-1)x—{S/2) is nef and not ample and since (t(C), 1)^ > 
0, by Nakai criterion for real divisors, there must exist an irreducible curve F on 
C(2) such that 

(MC) + i)x- (6 /2)).r = o. 

Suppose F = (n, 7) -I- ^. Then the result follows. 

For (b). Assume t{C) > a/b. Since D = {a,b) is effective, 

T(C)a-6g=(T(C),l).(a,fe) > 0. 

Thus, t{C) > -^ > :jr^ and hence t{C) > y/g. From (a) an irreducible curve F 
computing t(C) exists and 

D.T ~ an — b"/g ~ an — bnT{C) < 0. 

Hence, F is a component of Supp(Z?). 

Suppose C" = (n', 7') +C' is one of the components. Since C" is an integral curve, 
we have 
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(2.8) T{C)n' - ig = (r(C), l).((n', 7') + C') > => r(C) > ^. 

Since {x.C')=n' and {5.C') = 2n' + 2ig, then 

Yg _ (S.C) - 2{x.C') 

n' 2{x.C') 

Hence, t{C) = max {i?(C")}. 

C'CSupp(D) 

For the particular statement, since ^{g\) = (e — 1, 1), as above t(C) > y/g and 
it must be computed by one of the irreducible components of T{gl) and 



t(C) = max {R(C')}. 



D 



Corollary 2.9. Suppose C is a smooth integral curve of genus g > 2. If there exists 
an effective divisor D on C*^^-' such that D = {a,b) with a,b are positive integers 
and D^ < 0, then either t{C) — y/g = |-, or an irreducible component of Supp(I?) 
computes t{C). 

Proof. It is clear that D^ < implies a < b^/g. 

For the case t{C) > ^yg > a/b, (12. 7|) (b) implies an irreducible component of 
Supp(Z)) computing t{C). 

For t{C) = y^, since aT{C) > bg (by the effectiveness of D), a — b^ and g is 
a perfect square. We get 

(2.10) r{C) = ^='^. 

D 

Remark 2.11. The result of JM]) implies ^^. To this end, since T{gl) = (d-1, 1), 
then (|2.9p implies either 

r(C) = Y^, d — 1 = Y^ and g is a perfect square, 

or one of the components of Y{g\) computes t{C). Since ^{g\) is irreducible, it 
itself computes 

T(C)^g/{d^l). 

3. Covering curves 

In this section, we give the sufficient conditions that a curve on the n-th sym- 
metric product of C is irreducible and smooth, and takes C as a covering of degree 
n. Let us recall some definitions and equations from [ACGH85] we will use in the 
sequel. 

Let C be a smooth irreducible curve of genus g, J{C) its Jacobian variety and 
C'^''-' its d-fold symmetric product. From the classical theory, fixing a point p £ C, 
we can define the morphisms 

Ud : C'-'^'^ -^ J(C) where Ud{D) = 0{D ~ d ■ p) and D e C'-'^\ 

id-i : C^''^^^ -> C^'^) where id-iiD) = £> +p and D e C^'^-^l 
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We denote the theta divisor on J{C) by 8 and its numerical class in the Ncron- 
Severi space by 9. On C^'*' we denote the class of u*^{9) by 9d or simply 9 if no 
confusion in context and the class of Jd_i(C^''^^^) in C^'^^ by Xd or simply x. 

Suppose a : C'^""^-' x C ^ C^"-* is the natural surjective morphism. 

Set D{n,p) = f7(C("-i),p). Clearly, 

(3.2) D{n,p) = i„_i(C(""i)) EE X for any p G C. 
Consider the morphism 

defined by <l){D,p) = D + 2p. The image of (p is the diagonal 5d in C'''-'. The 
|ACGH85[ p.358 Proposition 5.1] tells that 

(3.3) 5d = 2{{d + g-l)x-9). 

Given an algebraic cycle Z in C''^-' we define two associated cycles 
Ak{Z) = {E e C^'^+'''> : E- D>Oior some D e Z}, 
Bk{Z) = {S e C^d,-^^ : D~ E>Qfor some D e Z}. 

With all the above, we compute the intersection numbers for the curves from 
coverings. 

Suppose TT : C — > 7J is an n-sheeted covering of C over a smooth irreducible 
curve H of genus h. Then we have a curve S := {''"^^('z) : q G H} C C'-"-'. We have 
the following intersection numbers. 

Lemma 3.5. [ACGH85[ p.370 D-10] 
(x.E) = 1, 
((5.E) = 2(.g - 1) - 2n{h - 1) 

= the degree of the ramification divisor of tt, 
(6I.S) = nh. 

Conversely, under some hypotheses, C can be an n-sheeted covering. The fol- 
lowing lemma is from [ Cil83[ 1.5]. We modified the conditions appropriately for 
our purpose. 

Lemma 3.6. For any integral curve 7 C C^"' , if it satisfies 

(i) 7 (/L Supp(Z?(r7,,p)) for all p £ C and 
(a) (x.7) = 1, 

then 7 is smooth and there is a degree n covering f : C —* ^. In particular, 
S := {f^^{q) : (7 G 7} C C" is smooth and isomorphic to 7. 

Proof. Fix p £ C. Suppose 77 G 7 n D{n,p). Since 7 ^ Supp-D(n,p), 

1 = (a;. 7) — D{n,p).j > mult,,£'(p) • mult^7 = mult,,7. 

This is true any p £ C. Therefore 7 intersects D{n,p) only at 77 and 7 is smooth 
at rj. 
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Set-theoretically, a map f : C —^ ^ can be defined by 

f{p)^D{n,p)nj. 

Consider the natural morphism a : C'"^^^ x C -^ C^"^ and let p2 : C^"^^' xC -^ 
C denote the second factor projection. 

Since D{n,p) — ct(C^"~^'' xp) and cr is a finite morphism, then the inverse image 
CT~^(7) of 7 is also a cm^ve. By the projection formula of intersection of cycles, 

<7-i(7).(C("-i) xp)^ -f.D{p) = 1. 

Therefore there is only one integral component of cr~^{'y) dominant C through 
P2, and this morphism is finite and of degree one. Since C is smooth, that integral 
component is isomorphic to C. 

On the other side, the hypothesis 7 ^ Supp(£'(n,p)) for all p guarantees that 
no component of a~^{'y) can be contained in any fibre of p2- Thus, cr~^(7) is 
irreducible and isomorphic to C through p2 ■ 

Then, we can define / as. 

Since a is of degree n, / is a degree n covering. 

By the definition of E, we have a natural birational morphism from 7 into S. 
Since E comes from a degree n covering, E cannot be contained in the support of 
D(n,p) for any p d C. By (|3.5p and the above arguments, E is smooth and hence 
isomorphic to 7. D 

In particular, on C^'^' , those integral curves, not a curve C + a for any fixed a, 
of intersection number one with the fibre class x have C as a double cover. 

Remark 3.7. With the same result of (|3.6p . the hypotheses in |Cil831 1.5] are: 

(a) J (tSn. 

(b) For any p (£ C, D{n,p) cuts 7 in one single point. 

Actually, our conditions implies these two above. To this end, assume to the con- 
trary of (a) that 7 C (5„. A general point on 7 is I? -I- 2po where po G C and D is 
an effective divisor on C of degree n — 2. Then, there exists an integral curve a in 
(j{n-i) ^ Q ^j^j]^ general point on it is {D +po,po) and cr{a) = 7. The morphism a 
is ramified along a. Since 7 ^ Supp{D{n,p)) for all p G C, then a is dominant C 
through p2- Thus, we have 

{-f.x) = -f.D{n,p) ^ (7-^(7). (C^"-^) xp)> 2a.(C("-i) xp)>2. 

Contradiction. 

For (b) , it can be proved similarly as in the proof of (|3.6p . 

Again suppose tt : C -^ i? is an n-sheeted covering of C over a smooth irreducible 
curve H of genus h and we define E := {'K~^{q) : q G H} C C^"^. We would like 
to apply the two operations (13. 4p to the curve E. By (|3.6p . iJ = E. Thus, H is 
embedded into C'"'. From the definitions, Bn-d{H) = i?„_d(E) is a 1-cycle in C'^'^^ 
for any 2 < d < n. Moreover, with ^^ and |ACGH85( p.368 D-2 and D-8], ones 
have the following intersection numbers. 
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Lemma 3.8. 

{9.B,,^d{H)) = nh 



n — 1 
n — d 



n-2 \ I n-2 

n~ d / l n~ d~ 1 



In particular, for d — 2, 

ix.Bn^2{H)) = n-l, 
(3.9) ((5.B„_2(i/)) = 2(5-l)-2n(/i-l) 

= the degree of the ramification divisor of n. 

Corollary 3.10. Under the above settings, if T is an irreducible component of 
Bn~d{H) for some 2 < d < n and {x.T) = 1, then C is a d-sheeted cover of F 
and vr factorizes through this cover. 

Proof. Since C ^- iJ is a covering, T ^ Supp{D{d,p)) for aU p e C. From (|3.6p . 
C ^ F is a covering of degree d. By the definition of Bn-d{H), n : C ^ H must 
factorize through F. D 

4. Characterization of double cover curves 

The Lemma p.6p tehs the geometric meaning of intersection number one with 
the fibre class x. This leads us a way to characterize those double covering curves. 
To give the proof of (jl.2p . we need two more well-known results. 

Theorem 4.1. [Acc94| Theorem 3.5] LetC, Ci andC2 be smooth projective integral 
curves of genera g, gi and 52 respectively. Let tti : C ^ Ci and 1:2 : C ^ C2 be ni 
and n2-sheeted coverings. Assume there does not exist smooth integral curve F of 
genus h < g with coverings f : C —^ T and a.; : F ^ Ci such that 

T^i = ai o f for i ^ 1,2. 

Then, 

g < nigi + 77,2.92 + ("1 - l)(n-2 - 1)- 

Let W^{C) denote the subvariety of Pic (C) parameterizing complete linear 
series of degree d and dimension at least r: 

WJiiC) = {\D\ ; degL> = d and r{C) > r}. 

Lemma 4.2. [ACGH851 p. 181 3.3] Suppose r > d — g. Then every component of 
W^{C) has dimension greater or equal to the Brill-Noether number 

pig, r, d) = g- [r + l){g -d + r). 

The following gives the core part of (|1.2[) . 

Proposition 4.3. Fix an integer fc > 0. Suppose C is a smooth integral curve of 
genus g > 2fc + 1. Assume C admits a base-point-free pencil g\ of degree d > 2 
with d < g — 2k + 3. Furthermore, assume T{g^) contains an irreducible component 
computing t{C). Then, 
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t{C) > g — k if and only if 

C is a double cover of a smooth integral curve H 

k 
of genus q with q < —. 

Furthermore in this case H is isomorphic to the component o/r(g^) com- 
puting t{C) and 

T{C)=g-2q. 

Proof. Suppose S is the irreducible component of ^(g^) computing t{C). Then, 

(J.S) - 2(x.S) 
"(^) = 2(x.S) • 

For any irreducible component C" of r((7^), let us set 

{6.C') - 2{x.C') 
^(^^■^ n^^) • 

It means that t{C) = R{T.). 

It is clear that (a;. 7) > 1 for any integral curve 7 on C^^^. 
It splits into two cases. 

(i) For (x.C") = 1. Since C" C T{g\) and g\ is base-point-free, C (/_ D{2,p) for 
any fixed p ^ C. By (|3.6p . this induces a double covering of C onto C". By 

{6.C') = 2g - 4g' + 2 

where g' is the genus of C". This computes 

RiC) = g - 2g'. 

(ii) (x.C) > 2. Since r((7^) comes from covering of C, there is no component of 
r(gi) can be the diagonal of C(2). Thus, 2^-2 + 2^= ((5.r(.gi)) > {S.C) > 0. 
Since d < g — 2k + 3, this gives 

u(r'\ < (c'-l) + .9-2 

i?(C ) < ^ <g~k. 

"<^": Suppose C ^ iJ is a double cover of a curve if of genus q ioi < q < |. 
Then, if can be embedded into C^^) and {{t{C) + l)x - {S/2)).H > 0. 
Thus, from ([S^]) . 

t(C) >g~2q>g~k. 

The irreducible component E must satisfy (i) and hence 

t{C) ^g-2g'>g-2qand0<g' <q<-. 

If H and C" are not isomorphic, then C ^ C and C ^ H are two distinct 
double covers, by (|4.ip . 



5<2(7 + 2g' + l. 
However, 2(7 + 25' + 1 < 2A; + 1 < 5. Contradiction. Hence, H = C and 
t(C) = i?(C') =g- 2g' = .g - 2<7. 
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"^": Assume t{C) > g — k. Again the component S must be in the case (i). 
Then, 

t{C) = R{C') =g~ 2g'. 
Thus, < g' < |. 

D 

If g is large enough, there always exists a base-point-free pencil satisfying the 
hypotheses of (|4.3p . This is a direct application of the Brill- Noether number. 

Proof of (|1.2p . Let d be the gonality of C, i.e. d is the smallest integer such that 
C has a base-point-free degree d pencil. By (|4.2p . 



2<d< 



5 + 3 



2 

Let 5^ denote a base-point-free pencil of degree d. Since g > 4fc— 3 and g > 2A:-|-1, 
we have the following inequalities respectively, 



d < ^^^t_ < c, - 2/s + 3 



and 



d-l<^-l<g-k. 

To apply (|4.3p . we have to check r((7^) contains a component computing t{C). 
'=4>": Assume t(C) > g - k, then 

t(C) >d-l. 

Thus (|2.7p implies that a component of r(5^) computes t(C). Then, (|4.3p 
implies the conclusion. 
'<;=": If C ^ i? is a double cover of a curve H of genus q for q < ^. Then, H 
can be embedded into C^^) and {{t{C) + l)x - (6/2)). H > 0. Thus, 

t(C) >g-2q>g~k. 

Again, (|2.7p implies a component of r(f;^) to compute r(C). Then the 



conclusion follows from 

D 

Remark 4.4. (i) The bound max{4A: - 3, 2fc -t- 1} = 4fc - 3 when k >2. We put 
it in the theorem for the completeness to include the hyperelliptic cases of 
2<g<5. 
(ii) For the bielliptic case fc = 2, the Theorem (|1.2p (b) needs g > 5 to conclude 
C is a bielliptic curve from t{C) = g — 2. However, in (jl.ip . Debarre proved 
that if g = 5 and t{C) ^ g — 2 = 3, then C is bielliptic. This is a boundary 
situation we cannot use the inequality 

d< g-2k + 3 

to eliminate the case (ii) in the proof of (|4.3p when g — 5, k = 2 and d = A. 
Instead, Debarre used an analysis on the orbits of the Galois group G of the 
base-point-free g\ on C. By this way the irreducible component of T{gl) 
computing t(C) must have intersection number one with the fibre class x, 
i.e. must satisfy the case (i) in the proof of (|4.3p . Then going through the 
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arguments follow in the proof, one has the conclusion that C is bielliptic when 
g — b and t{C) — 3. 

5. Examples 

If an integral curve C is a cover of higher degree, the value of t{C) can jump 
down to equal or less than half its genus. We are computing some examples to 
illustrate this situation. 

Suppose C is a smooth integral curve of genus g. For any integral curve 7 on 
C^'^\ keep using the notation 

(,5.7) - 2(x.7) 



Rii) ■■-- 



2(x.7) 



(I) Suppose C is a trigonal of genus g > 4 (i.e. non-hyperelliptic and admits a 
base-point-frcc pencil g\). From 



{x.T{gl)) = 2. 

If T{g\) is reducible, it has at most two components. Let C" be one of them, 
then (x.C) = 1. However, (|3.10p implies the morphism by 173 factorizing 
through C . This is impossible as 3 is prime. Hence, T{gl) is irreducible. For 
3 > 4, by dZi, 

no- 1. 

(II) [Deb041 Remark 9] Suppose C is a tetragonal of genus g > 9. If t{C) = ^, 
then dmni) implies 

r{C). 



d-1 

Then, 5 = 9 and t{C) = 3. 
Assume t{C) > y/g. 
If ^{gl) is irreducible, then by (|2.6p 

If it is reducible, then (j2.7p implies one of the components computing 
t{C). Since 

(xT(gi)) = 1 + 2 = 1 + 1 + 1, 

T{gl) can contain two or three components and in each case the morphism 
by gl factorizes through a 2-sheeted covering onto a curve H by (|3.10p . We 
can use (13. 5p and (|2.7[) to compute t{C). 

For the case " 1 + 2" , H computes g — 2h and r(g]) — H computes h, thus 

t{C) — max{/i, g — 2h} 

where h is the genus of H. 
For the case " 1 + 1 + 1" , 

t{C) ~ max{g — 2hi,g — 2h2,g — 2/13} 

where hi is the genus of Hi and i/^'s are the components of r(g|) for i = 
1,2,3. 



12 KUNGHO CHAN 

(III) Suppose C is a 5-gonal of genus g > 16. Since 5 is prime, T{gl) cannot 
decompose to a component C" with {x.C) = 1. Since (a;.r(g|)) = 4, T{gl) 
can only decompose into at most two components and they have intersection 
number with x is 2. Let C be one of them, then 

(S.C) - 2ix.C') ^ (STigD) ~ 2{x.C') ^ g + 2 



2{x.C') - 2{x.C') 

Thus, 

' <r{C)<'- 



4: - ' ' - 2 

(IV) Suppose C is a triple cover of a curve H of genus h and H admits a base- 
point-free pencil /12 (i.e. elliptic or hyperelliptic). The composition of the 
triple cover and the /12 on i? is a base-point-free pencil g^ on C. We would 
like to find a lower bound I of g such that 

riC) = ^ 

when g >l. First 5 > (6 - 1)^ = 25 such that t{C) > ^. Then, by (^7)) 
an irreducible component of r((7g) computes t{C). Since gg is compounded 
byff, 

r(gi)Di3i(i/) 

(the definition of BkiZ) in above). From dSj]), (a;.Bi(H)) = 2. Using the 
similar argument as for trigonals, we can see that Bi[H) is irreducible. Then, 

, ,, a — 3h 
R{B,{H)) = ■^^—. 

For the other components in r{gl), there are three cases. 
{x.{T{gl) ~ Bi(iJ)) = 3=1 + 2=1 + 1 + 1. 
For the case "3" and T{gl) - Bi{H) = F, 

R{r) = h. 

For the case "1 + 2" and r{gl) - Bi{H) = Fi + F2, we have 

i?(Fi) = g - 2.91 and R{T,) = ^^~^^+^^^ 

where C — > Fi is a double cover and gi is the genus of Fi. 

For the case "1+1+1" and V{gl) ~ Bi{H) = Fi + F2 + F3, we have 

R{Ti) = 5 - 25, 

where C ^ F, is a double cover and gi is the genus of F; for i = 1, 2, 3. 
By ((4+1) . we have 

<? - 2ft < 2 + 3/i 

for those double cover components in all cases. 
By Hurwitz's formula, 

.9+l>2ft. 
This implies in the case " 1 + 2" , 

«(r,) < ^. 
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Thus, to make 



R{Bi{H)) > max{h, 2 + 3h, 



3h + l 



} 



2 
it requires g > 9h + 4. Hence, / = max{9/i + 4, 26}. 

In particular, if C is a triple cover of an elliptic curve. 



then 



r(C) = 



9 



if g > 26. 



2 

The critical point to prove (|4.3p is ()3.6p . which tells us very well that when 
(x.r) = 1 we have a double cover from C onto T. However, we cannot control those 
components with (x.T) > 2. Although we know they might come from a higher 
degree covering of C onto some curve p.Sp . the intersection number is an necessary 
condition but not sufficient. For instance, the example (III) above, it is possible 
that B^{T{gl) has a component T with (x.T) = 2 but g^ cannot be factorized. 
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